We present evidence for collective action of Cr 3+ ion impurities in a highly doped ruby crystal at microwave frequencies. The cylindrical geometry of the crystal allows for the creation of a superradiant, or "spin-mode" doublet, with spatial structure similar to that of microwave whispering gallery modes (WGMs). This results in a strict criteria of selection rules regarding the interaction of resonant WGMs and spin-modes; namely that only modes with the same wavenumber and azimuthal phase may interact. What results is an avoided level crossing between the two, in which both WGM doublet constituents are seen to interact with the spin resonance. We demonstrate that a four harmonic oscillator model is necessary to accurately describe this result.
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Superradiance is an important phenomenon in quantum optics as often the sample under study features separation distances small compared to the wavelength of exciting radiation, λ. There is renewed interest in these systems for quantum information sciences and to attain new insights into quantum field-theory [1, 2] . Superradiance was initially defined in 1954 by Robert Dicke as the cooperative, spontaneous emission of photons from a collection of atoms [3] . When N atoms are close together compared with λ, they act like one big atom and decay collectively, in phase with one another. As a result, the atoms radiate their energy N times faster than for incoherent emission. A direct result is the inherent directionality associated with the emitted radiation; the emitted photons travel in the same direction as the exciting photons. This directionality is a result of the timing of the excitations; the atoms at the "front" of the sample are excited first, and those at the back, last, leading to the excitations appearing as spatial phase factors [4] . Superradiance is a consequence of extra coherence in the system, which can be observed in additional ways on top of an increased emission rate.
Superradiance was first observed experimentally in 1973 in the optical regime in HF Gas [5] . It has since been observed in other ultacold atomic gases [6] [7] [8] [9] , organic semiconductors [10, 11] , polymer thin films [12] , numerous crystalline systems [13] [14] [15] , and in artificial atoms [16] [17] [18] . Here, we report the observation of superradiance in the microwave regime in a highly doped ruby sample, with relatively high concentrations of Cr
3+
ions replacing Al 3+ ions in the crystal lattice.
It is a well known phenomenon that resonant photonic whispering gallery modes (WGMs) in a circular cavity are the result of a linear superposition of clockwise and counter-clockwise circularly polarised waves. Imperfections within a cavity can result in backscattering effects that cause the degeneracy between the two waves to be lifted, by introducing a coupling between them. A WGM will therefore manifest as two orthogonal modes (or doublets) with a difference of Sine and Cosine in the mode's azimuthal dependence in it's analytical expression (i.e. a difference of π/2 in azimuthal phase), henceforth referred to as the "s" and "c" modes. Despite the orthogonality, the coupling produced by these imperfections in the crystal symmetry results in the mode appearing as a doublet. This manifests as a splitting of a single resonant peak into two resonant peaks by a distance equal to two times the coupling value, κ. In sapphire crystals, the losses of such WGMs are so low, that the bandwidth of these modes is generally less than 2κ hence the doublet resonance can be resolved.
The Hamiltonian describing such a WGM doublet resonance is
Here ω k is the angular frequency of a WGM with wavenumber k, and a † k,s , a k,s , a † k,c and a k,c are the bosonic raising and lowering operators of the "s" and "c" doublet constituents of this WGM, respectively. The first term in equation (1) represents both modes as simple harmonic oscillators (SHOs), while the second term represents the coupling between them, which produces the mode-splitting and doublet appearance.
A crystal containing dilute concentrations of paramagnetic ion impurities will demonstrate an absorption of energy from these WGMs into the spin angular momentum of the ion's valence electrons if the frequency of the latter transition is tuned (via the Zeeman effect) to be coincident with that of the former. Only WGMs with magnetic field components perpendicular to the applied DC magnetic field will interact in this fashion. This limits the discussion to WGMs that are polarised with a (H r , H φ , E z ) field distribution ("WGH" modes), since the applied magnetic field in the described case is aligned with the z-axis of the crystal. In general, the collective electron spin resonance (ESR) can be considered as an ensemble of independent, noninteracting two level systems (TLSs); and the crystal itself as a paramagnetic material. In such a case, the ESR, WGM doublet and the interaction between the two can be described by the modified Tavis-Cummings Hamiltonian:
Here, ω i is the angular resonant frequency of the i th TLS transition at a particular B-field, and σ
are its raising and lowering operators. g k,s (g k,c ) is the coupling between the spin ensemble and the "s" ("c") mode of the WGM with wavenumber k. One of these coupling terms will be set to zero because the ESR can only couple to one resonance of the doublet due to the spin conservation law [19] . Note that the choice of which mode will couple ("s" or "c") is determined by the sign of the change in spin angular momentum of the TLS transition in question; ∆m = ±1.
A spin ensemble can be considered as a classical system of SHOs distributed over a large region of space. For densely packed ensembles, these SHOs can be phased relative to each other so that coherent radiation is obtained in a particular direction. This is referred to as superradiance, and occurs when a group of n emitters interact with a common light field in a collective and coherent fashion, if the separation of spins has dimensions generally smaller than the radiation wave length but larger than the particle wavelength [3] . The coherent radiation generated by excited atoms emitting photons, hereon in referred to as the "spinmode", is completely analogous to a photonic WGM, and therefore can exist as a doublet due to backscatterers, in exactly the same way. It will also display the same type of wavenumber orthogonality, doublet orthogonality and a coupling between the two doublet constituents. Spin doublet modes have been previously observed in ferromagnetic YIG samples [20] , but never before in a doped sapphire system. In such a scenario, the Hamiltonian describing the interaction between the photonic cavity WGM doublet and the spin-mode doublet would appear as
where χ represents the coupling between the two spinmode doublet constituents; "s" and "c". This Hamiltonian is derived following the treatment of Dicke [3] when describing radiation from a gas of large extent. From eq. (2); a summation over all modes and TLSs, a transition is made to just the former. The selection rules of such a system [3] dictate that only modes with equal wavenumbers, k, may interact. In addition to this, the equivalent doublet orthogonality of the spin-modes and WGMs allow for both "s"-"s" and "c"-"c" spin-WGM interactions, but not "s"-"c". This removes the requirement that one of the spin-mode couplings be set to zero. It is reasonable to assume that the coupling strengths of the two "s" modes will be equal to the two "c" modes, hence the use of a non-polarisation-specific coupling term, g k . As such, the allowed spin-WGM interactions are described by the third term in eq. (3).
The second expression in (3) represents the spin-mode doublets as two SHOs, while the final term represents the coupling between them, resulting from imperfections in the crystal; a direct analogue of the last term in eq. (1).
Equation (3) is represented diagrammatically in FIG.  1 for a single value of k. It describes a scenario of four SHOs with the allowed linear couplings. This is distinctly different from the case described by eq. (2), which would exists as three SHOs [19] .
The experimental set up is identical to that described by Farr et al. [21] , however we examine WGMs closer to the zero-field splitting levels of the Cr 3+ ensemble. Typical ESR parameters for Cr 3+ ions can be find in [22] . In this paper, we deal with the ∆m = ±1 transitions; |−3/2 → |−1/2 and |3/2 → |1/2 . Both these transitions have a zero-field frequency of 11.447 GHz, and tune in opposite directions as B field is swept (∆m = +1 increases in frequency with an increase in B field, and vice versa) with df /dB = ±g L β, where g L is the Landè g-factor and β is the Bohr magneton. (2), there would be only one vertical asymptote [19] .
The presence of these four asymptotes requires a four SHO model (FIG. 1) to fit the experimental data. Using values of of g = 67 MHz, κ = 0.43 MHz and χ = 76 MHz, a fit is produced which is displayed in FIG. 3 . To produce good agreement with the model, it is essential that the cross coupling terms g × be neglected, or at least be much smaller than the spin-mode couplings g -consistent with the allowed terms in the third expression in eq. (3).
The requirement for spatial orthogonality of the spin-modes is again confirmed by FIG. 4 . Here, we see the same type of ALC as in FIG. 3 . However, we also observe the tail end of another ALC originating at a slightly higher frequency enter the frame. It is the hybrid mode of a higher frequency spin-mode and WGM of a different order. As predicted by the selection rules of such a system, these two doublets simply merge; there is no interaction, due to their different wavenumbers.
As WGMs hybridise with a spin-mode (or paramagnetic spin ensembles, for that matter), not only is a frequency shift observable due to the altered magnetic susceptibil- ity of the resonant dielectric, but a change in the now hybrid mode Q-factor becomes apparent. This is due to an additional loss mechanism introduced via the coupling to the spin-mode. The Q-factor of the 9.5 GHz mode as B-field is tuned through the ESR centre is plotted in FIG. 5 for both constituents of the mode doublet. As the ESR becomes more closely tuned to the WGM frequency, the mode hybridises to a greater extent and Q-factor drops. This is evidence that the losses experienced by spin-modes are greater than those of the photons.
The four HO model fit to the experimental data allows one to make an estimate of the concentration of Cr 3+ ions in the ruby [21] . The concentration of spins participating in the WGM interaction, n part , can be calculated using the value of the spin-mode coupling, g and the magnetic filling factor of the WGM in directions perpendicular to the applied DC magnetic field, ξ. For the 9.5 GHz WGM, ξ = 0.877 and was calculated from finite element modelling. n part is calculated to be 8.34 × 10 22 ions/m 3 . At finite temperatures, in the continuously driven regime, the number of ions prepared in either the ground (N − ) or excited states (N + ) of the relevant transition is a function of the thermal distribution of ions and the total number of impurity ions in the crystal, N T . By equating n part V = N − , where V is the total volume of the ruby crystal, one can solve for N T (N T = 5.42 × 10 18 ions). Given that there are two Al 3+ ions per unit cell of sapphire that Cr 3+ can potentially replace, and the volume of the unit cell is that of a trigonal crystal system, the total concentration of ion impurities can be calculated as N T divided by the total number of potential lattice cites for Cr 3+ ions to take. A concentration of approximately 40 ppm Cr 3+ is calculated. This agrees very well with previously measured values for this same crystal, reported as 34 ppm [21, 22] , hence confirming the validity of the four SHO approximation used here, and ergo the conclusions that can be drawn from it.
This concentration is approximately two orders of magnitude larger than the concentration of Fe 3+ impurities in [19] (150 ppb), and the value of g is also approximately an order of magnitude larger. In addition, the losses associated with the Cr 3+ ESR (∆ω = 9 MHz) are three times less than those associated with the Fe 3+ case (∆ω = 27 MHz) [19, 23] . In the present case, g > ∆ω, satisfying the conditions for strong coupling, however this is unobservable due to the combined losses of the WGM and ESR, and the non-unity coupling between the microwave pump source and WGM. Large atom-field coupling is required for superradiance as it is this interaction from which the collective action of the ensemble is derived, and large ion concentrations reduce the separation between emitters. This explains why a superradiant ESR, and hence a four SHO model, is observed in the Cr 3+ case and not in the previously reported Fe 3+ case.
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